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Abstract 

Let k be an algebraically closed field and let A be a finitely generated 
k— algebra. We show that the scheme of n-dimensional representations of 
A is smooth when A is hereditary and coherent. We deduce from this the 
smoothness of the Nori-Hilbert scheme associated to A. 
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1 Introduction 

Let A be a finitely generated associative k— algebra with k algebraically closed 
field. In this paper we study the scheme Rcp^ of the n— dimensional represen- 
tations of A. 

According to Victor Ginzburg (see [TTJ Chapt. 12]), it is believed that 
the noncommutative geometry of an associative algebra A is approximated (in 
certain cases) by the (commutative) geometry of the scheme Rep^. 

Following this path it appear relevant to look for conditions on A for Rep^ 
to be smooth. It is well-known that Rep^ is smooth if A is formally smooth. 
This last condition implies that A is hereditary, that is, of global dimension one. 
In particualr, if A is finite-dimensional over k, the scheme Rep^ is smooth if 
and only if A is hereditary. 

In this paper we give a sufficient condition for a k— point in Rep^ to be 
smooth. Using this condition, we prove that Rep^ is smooth when A is heredi- 
tary and coherent, which means that the kernel of any morphism between finite 
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rank free A-bimodules is finitely generated. Note that a formally smooth algebra 
is not necessarily coherent. Furthermore coherence does not implies hcrcditariety. 
Therefore this is an independent notion. 

From the proved smoothness result, we derive the smoothness of the Nori - 
Hilbert scheme Hilb^ whose k— points parameterize left ideals of codimension n 
of A. When A is commutative, this is nothing but the classical Hilbert scheme 
Hilb^- of the n— points on X = Spec A. 

It is well-known that Hilb^- is smooth when X is a smooth and quasi- 
projective curve. Thus, we obtain an analogous result in the non-commutative 
case under the hypothesis " A coherent of global dimension one" . 

Let < [A, A] > denote the ideal generated by the commutators. When n = 1 
we have that Rep^ = Hilb^ = Spec A/ < [A, A] >. As a consequence of 
the previous results these affine schemes are all smooth when A is hereditary 
and coherent. It seems to be reasonable that any definition of smoothness for 
an associative algebra should imply the smoothness of Spec Aj < [A, A] > as 
coherence (and formal smoothness) does for hereditary algebras. 

In a forthcoming paper, we will give an account of the behavior of coherent 
algebras A of global dimension two, but carrying the extra condition that A is 
homologically smooth. This property can be stated by saying that A admits a 
finite projective resolution by finitely generated A— bimodule as an A— bimodule, 
see [T7] [32] for this notion. 

The paper goes as follows. In Section |2~T1 we recall the definition of Rep^ as 
the scheme parameterizing the n— dimensional representations of A. We recall 
also the natural action of GL„ on Rep^ and on Rep^ Xfe AJJ. 

In Section [3] we recall the notions of global dimension of an algebra. Section 
2] is devoted to introduce formal smoothness and coherent algebras. Then we 
mention the known results on the smoothness of Hilb^ and Rep^ for formally 
smooth algebras. 

In Section [5] we prove our result. It is exactly at this point the the coherence 
of A play its role. To prove the smoothness of a fc-point in Rep^, indeed, we use 
the resolution of A by finite rank free A-bimodules to compute the Hochschild 
cohomology of A with coefficients in Endk(k n ). We are then able show that, 
for every rational point in Rep^, there is an open neighborhood of it in which 
the dimension of the tangent space is constant and the formal deformations 
surject on the infinitesimal ones. This is obtained by using a suitably adapted 
argument due to Geiss and de la Pena (see [HI [16] ) , which worked only for finite 
dimensional k— algebras. 

In Section [7] we first recall the definition of Hilb^. Then we define an open 
subscheme in Rep^ x & A£ and we prove that Hilb^ is smooth if and only 
if \J\ is smooth (see 17.3.1"]) . In Theorerr l7.3.3l we prove the smoothness of 
when A is hereditary and coherent. 

Finally, in 17.41 we show that Hilb^ — Spec Aj < [A, A] > is smooth when A 
is hereditary and coherent. 
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2 Notations 

Unless otherwise stated we adopt the following notations: 

• k is an algebraically closed field. 

• B is a commutative A:— algebra. 

• F = k{xi, . . . , x m } denotes the associative free k— algebra on m letters. 

• G — GL n is the general linear group scheme over k. 

• A = F I J is a finitely generated associative k— algebra. 

• A/"-, C- and Sets denote the categories of —algebras, commutative —algebras 
and sets, respectively. 

• The term "A— module" indicates a left A— module, 

• —mod, — bimod denote the categories of left —modules and — bimodules, 
respectively. 

• we write Hom^(_B,C) in a category A with B,C objects in A. If A = 
A — mod, then we will write Hom^— , — ). 

2.1 The scheme of n— dimensional representations 

We start recalling the definition of Rep^, the scheme of n— dimensional repre- 
sentations of algebras. 

Denote by M n (B) the full ring of n x n matrices over B, with B a ring. If 
/ : B — » C is a ring homomorphism we denote with 

M„(/) : M n (B) M„(C) 

the homomorphism induced on matrices. 

Definition 2.1.1. Let A G A/fe, B 6 By an n- dimensional representation 
of A over B we mean a homomorphism of k— algebras p : A — J> M n (B). 

It is clear that this is equivalent to give an A— module structure on B n . The 
assignment B — J> Hom^ (A, M n {B)) defines a covariant functor 

Cfe — ?> Sets. 

This functor is represented by a commutative fc— algebra. More precisely, there 
is the following 

Lemma 2.1.2. Lemma 1.2.] For all A G A4 and p : A — » M n (B) a linear 
representation, there exist a commutative k— algebra V n {A) and a representation 
ha '■ A — y M n (V n (A)) such that p i— > M n (p) ■ ha gives an isomorphism 

Romc k (V n (A),B) ^> Hom* k (A, M n (B)) (1) 

/or a// B E Ck- 
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Proof. Consider at first the case A = F. Define V n (F) := k[£uj] the poly- 
nomial ring in variables {£uj : i,j — l,...,n,l = 1, ...,m} over k. To 
any n— dimensional representation p : F —> M n (B) it corresponds a unique 
m— tuple ofnxn matrices, namely the images of x\,... ,x m , hence a unique 
p e H.omc k {k[£uj],B) such that p(£uj) = (p(xi)) tj . Following Procesi |MJ [TT] 
we introduce the generic matrices. Let = (Cuj) be the n x n matrix whose 
(i, j) entry is £uj for i, j = 1, . . . , n and I = 1, . . . , m. We call £i, . . . , £ m the 
generic n x n matrices. Consider the map 

k f : F -> M n (V n (F)), asji— i = l,...,m. 

It is then clear that the map 

Hom Cfc (V n (F),B) 3 o~ i ^ M„(tr) • tt f e Hom^ Af n (B)) 



gives the isomorphism ([T]) in this case. 

Let now A = f/J be a finitely generated k— algebra and (3 : F — > A. Write 
ai = /3(xi), for I = 1, . . . ,m. An n— dimensional representation 

p:A->M n {B) 

lifts to one of F by composition with j3. This gives a homomorphism 

V n (F) = fc[e, tf ] -y S 

that factors through the quotient k[£uj]/I, where / is the ideal of V n (F) gen- 
erated by the n x n entries of £m), where / runs over the elements of 
J. 

Define V n (A) = k[Z Uj ]/I and = (6,:, + !) = & + M n (/) e M n (K l (4)) for 
/ = 1, . . . , m. There is then a homomorphism 

tta ■ A^f M n (V n (A)) 

given by ^(a;) = ^ for I = 1, . . . , m. To conclude, given p £ Hom^ t (A, M n {B)) 
there is a unique homomorphism of commutative k— algebras 

p : V n (A) -)• S (2) 

for which the following diagram 

A ^-—^ M n (V n (A)) (3) 

M„(p) 




commutes. □ 
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Definition 2.1.3. We write Rep^ to denote SpecV n (A). It is considered as a 
k— scheme. The map 

n A : A M n (V n (A)), ai^Si?. (4) 
is called the universal n- dimensional representation. 

Example 2.1.4. Here are some examples. 

(1) If A = F, then Rep^(fc) = M n (k) m . 

(2) If A = F/J, the B— points of Rep^ can be described in the following way: 
Re V 1 \(B) = {(X 1 ,...,X m )eM n (B) m : f(Xi, X m ) = for all / € J}. 

(3) If A = k[x], then Rep^(fc) = M n (k). 

(4) If A = C[x,y], then 

Rep^(C) = {Mi, M 2 £ M 2 (C) : M l M 2 = M 2 M l ) 
is the commuting scheme. 

Being A finitely generated, Rep^ is of finite type. Note that Rep^ may be 
quite complicated. It is not reduced in general and it seems to be hopeless to 
describe the coordinate ring of its reduced structure. However, there is an easy 
description of the tangent space to Rep^ at the k— points. Let us recall the 
following 

Definition 2.1.5. The space of fc-linear p-derivations from A to M n (k), denoted 
as Der p (A, M n (k)) , is the space of fc-linear maps 

ip : A — > M n (k) such that ip(ab) = p(a)ip(b) + ip(a)p(b). 

A k— point p : A —> M n (k) in Rep^ induces an A— module structure on k n and 
a p— derivation is a k— linear map of this module. 

Lemma 2.1.6. (\ 17\ 12.4]) Let p be a k— in Rep^. The tangent space T p Rep^ 
is isomorphic to Der p (A, M n (k)). 

Proof. Let p be a fc-point in Rep^. A point in the tangent space T p Rep^ is 
given by a fc-linear map 7r : A — > M n (k) such that 

p + en : A — ► M n {k[e]/e 2 ) 

is a ring morphism. This gives that ir(ab) = p(a)7r(6) + 7r(a)p(6), hence ir € 
Der p (A, M n (k)). Moving backwards we obtain T p Rep^ = Der p (A, M n (k)). □ 
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2.2 Actions 

Let now G be the general linear group scheme over k whose B— points form 
the group GL n (B) ofnxn invertible matrices with entries in B. Let A£ the 
n— dimensional affine scheme over k. 

Definition 2.2.1. Given B G C k , g G G(B), p G Rep^(B) and a G A, define 
G(B) x Rep^(P) — > Rep^(S) 

— > p 9 ■ p 9 (a) = gpi^g^ 1 - 

Analogously, for v G A^(-B) define 

G(£) x Rep^(B) x fc A£(B) — > Rep^(P) x k A£(B) 
{9,P,v) — ► {p 9 ,gv)- 

Remark 2.2.2. The A— module structures induced on B n by two representations 
p and p' are isomorphic if and only if there exists g G G(P) such that p' = p 9 . 

Definition 2.2.3. We denote by Rep^//G = Spec V n (A) G W the categorical 
quotient (in the category of A:— schemes) of Rep^ by G. It is the ( coarse) moduli 
space of n— dimensional linear representations of A. 



3 Global dimension 

Let M be an A— module. A projective resolution is an acyclic complex 

► P3 -> P2 -> Pi ->• Po ->• M -> 

where Pj are projective ^4— modules. 

Definition 3.0.4. Let M be an A— module. The (projective) dimension pd(M) 
of M is the minimum length of a projective resolution of M. If every projective 
resolution of M is infinite then its projective dimension is infinite. 

For i = 0,1,... and M, N G ^4— mod wc denote as usual by Ext^(M, N) the 
i— th ext-group, which is the value on (M, N) of the i— th derived functor of 
Hom^— , — )■ See [7] for further readings. 

It is possible to express the projective dimension of an A— module M in terms 
of the Ext^. 

Proposition 3.0.5. (TA Proposition 2.6.2]) The following conditions are equiv- 
alent: 

1. Projective dimension of M is < n . 

2. Ext\(M, -) = for all i > n. 

3. Ext^ +1 (Af,-) = 0. 
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Definition 3.0.6. The global dimension of a ring A, denoted with gd(A) is 
defined to be the supremum of the set of projective dimensions of all (left) 
A— modules. 

The global dimension of A is a non-negative integer or infinity and it is a homo- 
logical invariant of the ring. If A is non commutative, note that the left global 
dimension can be different from the right global dimension, formed from right 
A-modules. These two numbers coincide if A is Noetherian (see [7J Cor. 2. 6. 7.]). 

Remark 3.0.7. It is customary to use the notation gd(A) < n instead of gd(A) — 
n, being gd(A) a supremum of a set. 

3.1 Examples 

3.1.1 Polynomial rings 

Let A — k[xi, x n ] be the ring of polynomials in n variables over k. The global 
dimension of A is equal to n. More generally, if i? is a Noetherian ring of finite 
global dimension n and A = R[x] is a ring of polynomials in one variable over 
R, then the global dimension of A is equal to n + 1. 

3.1.2 Commutative ring with finite global dimension 

In commutative algebra a commutative and noetherian ring A is said to be 
regular if the localization at every prime ideal is a regular local ring. There is 
the following result due to Serre 

Theorem 3.1.1. (\33[ Chap. IV. D.]) Let (R,m) a commutative noetherian local 
ring. Then gd(R) < oo iff R is a regular local ring. In this case, gd(R) = dimi?, 
where dimi? is the Krull dimension of R. 

Moreover, 

Theorem 3.1.2. ([23, 5.94]) If R is a commutative noetherian ring, then the 
following are equivalent, 

1. R p is a local regular ring for any p G SpecR. 

2. R m is a local regular ring for any maximal ideal m in R. 

3. pd(p) < oo for any p S Speci?. 

4- pd(m) < oo for any maximal ideal m in R. 

5. pd(M) < oo for any finitely generated R— module M. 

If any of these conditions holds, the ring R is said to be regular. For those rings, 
gd{R) = dimi?. 
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Theorem 3.1.3. (\2<A 5.95]) Let R be a commutative noetherian ring. For any 
m maximal ideals, gd(R m ) = pd(R/m) and 



where m ranges over all maximal ideals m in R. 
These results imply the following 

Corollary 3.1.4. Let R be a commutative noetherian ring. If gd(R) < go, 
then R is regular. 

3.1.3 Dimension zero 

The rings of global dimension zero are the semisimple ones, since for these 
rings any module is projective (see [6j Theorem 5.2.7.]) The free algebra F has 
dimension zero. 

3.1.4 Dimension one - Hereditary algebras 

The global dimension of a ring A is less or equal than 1 if and only if all 
(left) modules have projective resolutions of length at most 1. These rings are 
called hereditary. Hereditary rings are for example semisimple rings, principal 
ideal domains, ring of upper triangular matrices over a division ring. In the 
commutative case, a hereditary domain is precisely a Dedekind domain (see JBJ 
Section 10.5]). Thus, the coordinate ring of an affine smooth curve is hereditary. 

3.1.5 Path algebras 

A quiver Q is a finite directed graph, eventually with multiple edges and self- 
loops. A path p is a sequence a\a2-..a m of arrows such that ten = ha^i for 
i = 1, . . . m — 1, where ta and ha denote the tail and the end of an arrow a. For 
every vertex x in the quiver we define the trivial path i x . The path alegbra kQ of 
the quiver is the vector space spanned by all paths in the quiver. Multiplication 
is defined by 



for two paths p, q. It is easy to see that the path alegbra of a quiver is finite 
dimensional if and only if the quiver does not contain self-loops and oriented 
cycles, i.e. paths p such that t p = h p . There exists a standard resolution of 
length one for modules over a path algebra (see [8]). Therefore these algebras 
are hereditary. 



gd(R) = sup{gd(R m )} 




pq if tp = hq 
otherwise 



4 Smooth algebras 



The notion of "smoothness" for an algebra A G A4 is not well-established, yet. 
We recall here different kinds of definitions which could provide a generalization 
for this notion in the non-commutative setting. We address to [T71 [T51 ?] for 
further readings. 

We quote the known results on the smoothness of Rep^ given by the " smooth- 
ness" of A. Finally, we present a not known result for A of global dimension 
one using the concept of " coherent algebra" . 

4.1 Formally smooth algebras 

The definition of formally smooth (or quasi-free) algebras goes back to J. Cuntz 
and D. Quillen and it is intended to give a generalization for the notion of free 
associative algebra. 

Definition 4.1.1. (Definition 3.3. |T0j [3T]) . An associative algebra A G A4 is 
said to be formally smooth (or quasi-free) if it satisfies the equivalent conditions: 

i) any homomorphism ip G Horn^ (A, R/N) where N is a nilpotent (bilateral) 
ideal in an algebra R G A4, can be lifted to a homomorphism Tp G Hom^ (A, R) 
that commutes with the projection R — > R/N. 

ii) Exk\_ Hmod (A, M) = for any A-bimodule M. 

iii) the kernel Vt\ of the multiplication A g3 A — > A is projective in A — bimod. 

Remark 4.f.2. It is worth to stress here that if we consider A G Ob(Ck) and 
Hom£ fe (A, — ) in the above, we obtain the classical definition of regularity in the 
commutative case (see [SSI Proposition 4.1.]). On the other hand, if we ask for 
a commutative algebra A to be formally smooth in the category A4 we obtain 
regular algebras of dimension < 1 only ([Till Proposition 5.1.]). 

Remark 4.1.3. When A is commutative is nothing but the module of the 
Kahler differentials (see [TTJ Section 8]). 

Example 4.1.4. Here are a few examples of formally smooth algebras (see [T71 
19.2]). 

1. The free algebra F. 

2. The matrix algebra M n (k). 

3. The path algebra of a quiver. 

4. The function ring where X is a smooth affine curve. 

Actually, formally smooth algebras form a very restricted class, as we see in 
what follows. 

Lemma 4.1.5. (\17\ Lemma 19.1.6.]) A formally smooth algebra is hereditary. 
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Remark 4.1.6. From Lemma l4.1.5l follows that the polynomial algebra k[xi, . . . , x n ] 
is not formally smooth for n > 1. In general, the tensor product of two formally 
smooth algebras is not formally smooth. 

Proposition 4.1.7. (flOjj) If k = C and A is a finite- dimensional hereditary 
algebra, then A is formally smooth. 

In the general case the situation is more complicated, as can be seen in the 
following 

Proposition 4.1.8. Proposition 8.5.] A finite- dimensional algebra A is 
formally smooth iff it is hereditary and A/radA is separable over k. 

The formally smoothness of A implies the smoothness of Rep^. 

Theorem 4.1.9. (;i7, Proposition 19.1.4.], [25, Prop.6.3.]) If A G N k is a 
formally smooth k-algebra, then Rep^ is smooth for every n. 

Idea of proof. If I C B is a nilpotent ideal, then so is M n (I) C M n (B). 
Using this observation, the formally smoothness of A is used to show that the 
coordinate ring fc[Rep^J verifies the lifting property i) of Definition 14.1.11 □ 

If A is finite dimensional, there is the following 

Theorem 4.1.10. (' L 3, Proposition 1]). If A is finite- dimensional, the scheme 
Rep^ is smooth for any n if and only if A is hereditary. 

This result is proved directly in [3] . Alternatively, one can use Propositior i4.1.7l 
and ThcorcnfiTl 

4.2 Coherent algebras 

Let A op the opposite algebra of A and denote with A e :— A <E> A° p . There is a 
canonical isomorphism (A e )° p = A e , so an A— bimodule is the same as a left 
A e -module. 

Definition 4.2.1. (see [18]) An algebra A is said to be coherent if the kernel 
of any morphism between finite rank free A-bimodulcs is finitely generated. 

There is the following 

Lemma 4.2.2. (see Jltft 9.1.1]) A coherent algebra A admits a resolution by 
finite rank free A-bimodules. 

Proof. Consider the kernel Vl\ of the multiplication m : A ® A — > A op . It is 
a finitely generated A e -module. Therefore there exists a surjective j4 e -module 
homomorphis Fq ^> £l\ where Fq is a free A e -module of finite rank. Being A 
coherent, the kernel of the map 

F — > A (g) A op 
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will be finitely generated. Thus there exists F\ free A e — module of finite rank 
and an exact sequence F\ — > Fq — ?> A <g> A — > A. Continuing in this way, we 
obtain an exact sequence 

... — > Fi — > ... — >Fi — > Fq — > A® A — > A — >0 

where all the F^s are finite rank free A— bimodules. □ 

Remark 4.2.3. The class of formally smooth algebras and of coherent algebras 
are disjoint. For example, a formally smooth algebra must have global dimension 
< 1, see (Lemma |4.1.5[) . 

5 Deformations and smoothness 

Our aim here is to prove the smoothness of Rep^ when A is coherent and of 
global dimension one (hereditary). We have seen in Prop- l4.lT7l that if A is finite- 
dimensional, then it is hereditary if and only if it is formally smooth. In the 
infinite dimensional case this is no more true. We prove that Rep^ is smooth if 
A is coherent and of global dimension one. 

Let fi be a k— point in Rep^ and let M = k n the associated A— module (see 
Example 12.1.41 (1)). We'll prove that /i is smooth if the following condition 
holds: 

(*) The algebra A is coherent and Ext^(M, M) = 0. 

This rephrases a result of Geiss (see [El 6.4.2.]) which holds for finite dimen- 
sional algebras. 

Denote by • the multiplication on A and by an element /i € Hom.k(A ® k n ,k n ) 
the multiplication on the A—modulc M = k n . If R is a local commutative 
k— algebra, denote An := A ® R and Mr := M <g) R. Define the deformations 
of M in the following way 

Definition 5.0.4. ([15, 3.2.]) A R— deformation of an A— module M is given 
by an R— linear map e Hom^^A, ® Mr, Mr) which reduces modulo R to 
/i and satisfies 

HR(id AR (g) R n R ) = fj, R (- (g> id Ma )- 

If R = fc[[t]], the ring of formal power series, we speak of formal deformations, 
if R — k[e] := k[t]/(t 2 ), the algebra of dual numbers, we speak of infinitesimal 
deformations. 

Definition 5.0.5. An infinitesimal deformation //fcr e i is called integrable if there 
exists a deformation Hk[[t]] of [i which reduces to Hk[c\ y i a the natural projection 
Pt lC : k[[t\] -> *[e]. 

We prove our result using the following criterium for a point a; in a scheme X 
to be smooth. 
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Lemma 5.0.6. (]15\ 4-4-3-]) Let X be an algebraic scheme over k and suppose 
that x € X(k) has an open neighborhood U such that for all y G U(x) the 
following conditions hold: 

(i) For each y 1 S Tjj iy we have (U n (pt. e )~ 1 (y')) ^ 0, where pt, e : k[[t]] n> k[e] 
is the canonical projection. 

(ii) dimT^j, = dimT[/,x- 
Then x is a smooth point of X . 

If M is an A— module then Endfc (M) is an A— bimodule. Consider the Hochschild 
cohomology of A with coefficients in Endfe(M). There is the following standard 
result 

Theorem 5.0.7. fJSj Corollary 4-4-]) For all A- module M 
Ext^(M, M) S H A .(A,End k (M)). 



Now we are able to prove the following 

Theorem 5.0.8. If A is a coherent algebra and M = k n is an A— module with 
Ext 2 (M, M) = 0, then M is a smooth point in Rep^. 

Proof. A point fi in Rep^(fc) corresponds to an A— module M = k n . It is 
well-known that the obstructions to extend an infinitesimal deformation of the 
module M to a formal one are in Ext A (M,M), see for example jT5J 3.6. and 
3.6.1.], so the first condition of Lemma 15.0.61 is satisfied by hypothesis. 
Being A coherent, it admits a resolution by finite rank free A-bimodules (see 
Lemma 13X2")) : 

• • • — ► F s — > . . . — > F\ — > F a — > A e — > A — > 0. 

Apply Hom^e (— , Endfe(Af )) to the previous resolution: 



— ► Hom A e(A,End fc (M)) — > Rom A . {A e , End fc (M)) 



(5) 



Horxi^(F ,End fe (M)) S Hom^i^End^A/)) 



All the spaces Hom y ie(F i ,Endfe(M)) = M n (k) rank( - F ^ are finite dimensional 
over k. Furthermore, their ranks do not depend on fi. In particular note that 
Hom j4 -(A e ,End fe (M)) = End fc (M) = M n (k). The cohomology groups of the 
sequence ([5]) are the Ext groups 

Ext^(M, M) S H\ e (A, End fc (M)) 

and by hypothesis Ext^(M, M) = 0. Therefore dimkerii^ = dimim and 

dimkerd^ = -dimkere^ + dim Horrid (A e , Endfc(M)). (6) 
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Observe now that the functions 

z i : Rep^(fc) — ► N, fi\ — > dim fe ker 

are upper semicontinuous. Thus the function fc° := dimkcrd^ is constant in 
Rep^(fc) by (O. It is well known that (see for example [12 5.4.]) 

kerd° S£»cr M (AM n (fc)). 

By Lemma r2.1.6l we conclude that T^Rep^ = kerd". It follows that the dimen- 
sion of the tangent space T M Rep^ is constant. This gives (it) of Lemma [5.0.61 
and we can conclude that fi is smooth in Rep^. □ 

6 Smoothness in dimension one 

The aim here is to apply Theorem 15 .0 . 81 to show that Rep^ is smooth for hered- 
itary algebras which are coherent. 

Theorem 6.0.9. Let A be a coherent and hereditary algebra, then Rep^ is 
smooth. 

Proof. Let A be an associative algebra with gd(A) < 1 and let M be an 
A-module, then Ext 2 A (M, M) = (see Proposition [3XT51) . □ 



7 Nori - Hilbert schemes 

In this paper the Nori - Hilbert scheme is the representing scheme of a functor 
of points Cfe — > Sets, which is given on objects by 

Hilb^(B) := {left ideals I in A <g) fe B such that M = (A ® fe B)/I is projective 
of rank n as a B- module}. 

where A £ Af k , B £ C/.. Nori introduced this functor in [37] only for the case 
A = 7L{x\, . . . , x m }. Hilb^ is a closed subfunctor of the Grassmannian functor, 
so it is representable by a scheme (see [37], Proposition 2 ). It is also called the 
non commutative Hilbert scheme (see |30| ) or the Brauer-Severi scheme of A 
(see [32 [55]). 

It was used to propose a desingularization of Rcp^//G. The candidate for the 
desingularization was a subscheme V in Hilb^ and Nori showed that V gives a 
desingularization for n = 2, but it was proved recently in [28] that V is singular 
for n > 3. 

The scheme Hilb^ was then defined in a more general setting in [37] and 
in [30 . It was also referred as Brauer-Severi scheme of A in |25[ I24[ 132] in 
analogy with the classical Brauer-Severi varieties parameterizing left ideals of 
codimension n of central simple algebras (see [T[). It is also called the non 
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commutative Hilbert scheme (see [HI [3D]). A generalization of the Hilbert to 
Chow morphism has been studied in [14] by using the results of the second 
author [3U 1251 [35J ■ We address the interested reader to [35J for a survey on 
these topics. 

Van den Bergh showed that for A — F the free associative algebra on m 
variables, Hilb^ is smooth of dimension n 2 (m — 1) + n, (see [37]). 

7.1 Hilbert schemes of n-points. 

Let now A be commutative and X = SpecA. The k— points of Hilb^ parame- 
terize zero-dimensional subschemes 7cIof length n. It is the simplest case 
of Hilbert scheme parameterizing closed subschemes of X with fixed Hilbert 
polynomial P, in this case P is the constant polynomial n. The scheme Hilb^ 
is usually called the Hilbert scheme of n— points on X (see for example Chapter 
7 in [SEJ] and Chapter 1 in [25]). 

The Hilbert scheme of n-points of a smooth quasi-projective curve or surface is 
smooth. 

Theorem 7.1.1. (see \12l \2(A [Wf ) If X is an irreducible an smooth curve, then 
the Hilbert scheme of the n— points over X is non singular and irreducible of 
dimension n. 

These important result is based on the connectedness of the Hilbert scheme 
and on the existence of an open non singular subset of known dimension n. 
The Serre Duality Theorem is the key tool to prove that the tangent space has 
constant dimension n. 

7.2 An open subscheme in Rep^ 
For any B £ C k identify B n with A£(£). 
Definition 7.2.1. For each B S C k , consider the set 

\J n A (B) = {(p,«)eRep^X fc A£ : p{A){Bv) = B n }. 

The assignment B n- XP^(B) is functorial in B, so that we get a subfunctor 
of Rep^ x k AJJ that is clearly open. We denote by the open subscheme of 
Rep^ Xfc AJJ which represents it. 

Remark 7.2.2. Note that the A— modules corresponding to points in are the 
cyclic modules. 

Nori proved the following when A = F. 

Theorem 7.2.3. ( \21\ Proposition 1]) The geometric quotient XJp/G exists and 
the natural map irp : Up — > XJp/G is a principal G~bundle. Moreover, \J F /G 
represents Hilbp. 
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This results has been generalized to the case A = R{xi, ...,i m }fori? commu- 
tative ring in [2j Theorem 7.16]. See also Proposition 6.3 in [25] which states 
the same result for the C— points in XJ A . 

Lemma 7.2.4. There exists a morphism u A : — > Hilb^ which is surjective 
on the k— points. 

Proof. Take (p, v) G XJ A (B) and consider the surjective map 

A®B — >B n , a<E)bi — > p(a)bv, 

its kernel / is a B— point in Hilb^. The assignment (p, v) i— Y I is natural in B 
giving thus a morphism u n A : — s- Hilb^. This morphism is surjective on the 
k— points, since any projective k— module of rank n is isomorphic to k n . □ 

Consider now the composition 

ui4u^uj/g 

of the closed embedding i given by the surjection F — s> A = F '/ J together with 
the quotient map ttf . By using |2J Theorem 3.9] we have the following 

Proposition 7.2.5. The schematic image Z of\J A under the composition irp-i 
is the descent of\J A under 7Tp, that is, 

V 7 \ = Zx v ,> /G X1 F . 

Thus XJ A is identified with the Zariski locally-trivial principal G— bundle given 
by the pull back of rrp to Z. In particular Z is smooth if and only if \J A is 
smooth. 

This is the last observation we need to prove the main result of this section. 

Proposition 7.2.6. The Hilbert scheme Hilb^ and the schematic image Z co- 
incide on the k— points. 

Proof. Denote j : F ->■ A = F/J and take (p, v) G U%(B). Note that 

(tt f -i)(p,v) = TT F (p-j,v). 

Thus, the kernel I of the map 

F®B— f®b^(p-j)(f)bv 

is contained in Hilb^(B), that is, u F (p ■ j) = I G Hilb^(S) (see Lemma [7X4]) . 
This means that the image (ttf • *)(U^) is contained in Hilb^. Now, from the 
defining properties of the schematic image follow that Z C Hilb^. We have seen 
that u A is surjective on the k— points and this gives the result. □ 
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7.3 A smoothness criterion 

From the previous two propositions we have the following. 

Theorem 7.3.1. The scheme Hilb^ is smooth iffV 7 ^ is smooth. 
Proof. We have the following equivalences: 

Hilb^ is smooth all points in Hilb^(fc) = Z(k) arc smooth Z = 

U^/G is smooth is smooth . □ 

The smoothness of Rep^ implies that the open is smooth too. Therefore 
Theorem 17.3. II implies the following 

Theorem 7.3.2. If A is formaly smooth, then Hilb^ is smooth. 
From the results of Section [5] we derive 

Theorem 7.3.3. Let A be a hereditary and coherent algebra, then Hilb^ is 
smooth. 

Proof. We know by Theorerr l7.3.1l that Hilb^ is smooth if and only if is 
smooth. A point I £ Hilb^(fc) corresponds to a point in (/x, v) £ U%(k) and /x 
is smooth in Rep^ by Theorer d5.0.8l This means that the corresponding point 
is smooth in which is open in Rep^ A£. Thus we have proved that (/x, v) 
is smooth in and we've done. □ 

Remark 7.3.4. If A is commutative and noetherian, the previous result gives 
Theorerr l7.1.1l since hereditary algebras are always regular (see Corollary 13. 1 -4p . 
They are precisely the coordinate rings of smooth affine curves (see 13. 1 .4|) . 

7.4 Hilb^ 

We want to study Hilb^. We need to introduce the following. 

Definition 7.4.1. Given a A:— algebra A we denote by [A] the two-sided ideal 
of A generated by the commutators [a, b] = ab — ba with a,b £ A. We write 

A ab = A/ [A] 

and call it the abelianization of A. 

Proposition 7.4.2. For all B £ Ck there is an isomorphism Ck(A ab ,B) — > 
J\fk(A, B) by means of p M> p ■ abA- Equivalently for all tp £ Afk(A, B) there is 
a unique Tp : A ab — > B such that the following diagram commutes 




B 
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Proof. Straightforward. 



□ 



Proposition 7.4.3. There is an isomorphism Hilb^ = Spec A ab of k—schemes. 

Proof. As we observed, for all B £ Ck a B— point / < A (x) k B of Hilb^ can be 
realized as ker(A — > B) where the map is given by a \— > p(a)v, with p : A — > 
Mi(B) = B a linear representation and v £ B a cyclic vector. B is commutative 
and therefore / is bilateral. This gives, jointly with Prop. 17.4.21 an equivalence 
Hilb^B) ^ Hom Cfc {A ab , B), natural in B. □ 

As a corollary of the above Proposition and the Theorem 15.0.81 we have the 
following. 

Corollary 7.4.4. For a hereditary and coherent algebra A it holds that Hilb^ 
is a smooth and affine scheme. 
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